A simple hyperbolic conservation law has been analyzed for vortex cores in pressure gradients. In particular, an analogy with quasi one-dimensional compressible ow has been explored; in this analogy, shock jumps in the vortex core model equations are assumed to represent axisymmetric vortex breakdown. Using these simple model equations, a family of steady vortex core solutions are constructed; the behavior of the vortex cores is determined by the downstream core pressure. One downstream pressure exists for which the ow remains isentropic. Other downstream pressures can result in the formation of steady breakdowns within the domain. The model equations are also compared with axisymmetric Navier-Stokes simulations. For isentropic ows, the model and Navier-Stokes results are in good agreement. The model also shows excellent predictive capabilities for the onset of vortex breakdown in the Navier-Stokes simulations.
I. Introduction
The purpose of this paper is to investigate an analogy between axisymmetric vortex breakdown in swirling ows and shock waves in compressible ows. To this end, a simpli ed model for vortex ows in pressure gradients is derived which results in a set of hyperbolic, conservation laws. The basic derivation employs a control volume formulation similar to the model of Landahl & Widnall, 1 however, the time dependence is included herein. Neglecting the external pressure gradient, the same equations have been derived using vortex lament theory by Lundgren & Ashurst 2 and by Marshall. 3 More recently, Marshall 4 Asst. Professor, Member has also considered the e ects of a constant pressure gradient in a subsequent paper. The present analysis is much more limited than the theories of Lundgren & Ashurst and Marshall in that we only seek to model vortices with axisymmetric disturbances; in contrast, the vortex lament theories in their full form can model helical disturbances, vortex rings, and many other phenomena. However, by limiting the analysis in this paper, a clear and concise description of the axisymmetric form of breakdown can be o ered. In particular, the construction of steady vortex ows with breakdown for these model equations appears to be a rst.
A second thrust of this paper is comparison of the model with simulations of the axisymmetric, NavierStokes solutions. Previous validation of the model equations has been minimal and limited to comparison with experimental results. 2 The comparisons with numerical simulations in this paper indicate that the model has the correct qualitative and, in many cases, the correct quantitative behavior of the axisymmetric equations which they are intended to model. Of particular interest is the model's ability to predict the onset of vortex breakdown for increasingly larger (more adverse) external pressure gradients.
In Section II, the assumptions and the resulting model equations are presented. In Section III, continuous solutions of the model equations are shown to be isentropic and the general behavior of steady isentropic ows is described. Next, vortex core jump relations are derived in Section IV. For weak jumps, the entropy loss is shown to be third order. Representative steady vortex core solutions with and without breakdown are constructed in Section V. In these solutions, the downstream core edge pressure acts as the back pressure determining the behavior of the vortex ow. Finally, in Section VI, comparisons of the model equations with axisymmetric Navier-Stokes solutions are documented.
II. Derivation A. Assumptions In this derivation, we will assume that the vortex center is aligned on the z axis and that the vortex core size, , and the vortex axial velocity, w, are functions of the axial coordinate, z, and time, t. Note, we assume that the axial velocity is constant in the core. We also assume a Rankine distribution of swirl velocity, v, given by, v(r; z; t) = 8 > > < > > :
? 1 2 r ; r ; ? 1 2 r ; r > ; (1) where the far eld circulation, ? 1 , is assumed to be constant. Note, the assumption of constant far eld circulation guarantees the conservation of angular momentum. The maximum swirl velocity occurs at the core edge and is, v max = ? 1 
2
The vortex will be subjected to an external pressure eld, p 1 , which can be a function of both z and t also.
The ow is incompressible with constant density, .
Finally, the radial velocity is assumed to be negligible; therefore, the radial momentum equation reduces to, @p @r = v 2 r : (2) Applying this theory to ows with vortex breakdown may be suspect since in the vicinity of the breakdown bubble, the radial velocities will be nonnegligible, however, ows which are on the verge of breakdown do not necessarily contain large radial velocities. Therefore, it may be possible to adequately predict the occurrence of vortex breakdown using the present model without being able to adequately predict any of its features (i.e. core expansion, axial breakdown location, etc).
B. Model equations
A control volume analysis on a vortex core subjected to an external pressure gradient will be performed. The control volume will be the vortex core between axial locations z 0 and z 1 . Jumps in quantities between these axial locations will be denoted, The pressure throughout the vortex may be determined by integration of Equation (2) . In particular, the edge pressure, p , is often very useful and is given by, p (z; t) p( ; z; t) = p 1 (z; t) ? ? 2 Note, R is directly proportional to the Rossby number which has been previously used as a criterion for R 2 < 1 R 2 > 1 dp 1 < 0 d(R 2 ) < 0 d(R 2 ) > 0 dp 1 As a result of the various simpli cations in our model, quantitative errors have been introduced into the analysis. One example of such an error is in the swirl ratio for which criticality occurs. The critical swirl ratio which is predicted by our model is p 2 1:4. However, a modal eigensolution of the inviscid small disturbance equations for a Rankine vortex mean state shows that the critical swirl ratio is approximately 1:2. Thus, although the simple model may be qualitatively correct, the quantitative predictions will have some error. Marshall 4 also discusses this quantitative error in criticality prediction and attributes it to the assumption of constant axial velocity in the core.
III. Steady, isentropic ow
In this section, we will show that a steady vortex core with gradually varying (i.e. continuous) prop-erties as a function of z satis es an isentropic condition. Thus, for smooth ows, conservation of mass and momentum is equivalent to conservation of mass and entropy.
Before proving entropy conservation for smooth ows, the dependence of R on far eld pressure changes is examined. For a steady ow without discontinuities, the model equations may be written in the following di erential form, A dw + w dA = 0 2Aw dw + (w 2 + c 2 )dA = ? A dp 1 Manipulating these relations, it is possible to nd the following relationship between the far eld pressure and R,
R 2 = dp 1 c 2 :
Thus, regardless of whether the vortex is subcritical or supercritical, an adverse pressure gradient always drives the ow towards the critical condition, R = 1. This is exactly analogous to a converging channel in compressible ow (i.e. regardless of the initial Mach number, the ow always approaches M = 1 in a converging channel). Table 1 summarizes the variation of R 2 with pressure gradient. Next, we show that conservation of stagnation pressure in the core implies conservation of axial momentum (assuming conservation of mass). The relationship which we will obtain from requiring conservation of stagnation pressure is equivalent to the isentropic relations which can be used in steady, quasi-1D compressible ow without shocks. First, the conservation of stagnation pressure condition is, Z Z Hũ ñ dS = 0: (8) where H = p+(1=2) (v 2 +w 2 ) is the stagnation pressure. Note, we are assuming the equality in Equation (8) . Since ux only occurs through the ends of the vortex core, we nd is constant in a steady ow, the`isentropic' ow condition requires that H p 1 + 1 2 w 2 ? ? 2 1 8 A ; (10) is constant. H is simply the ux-averaged stagnation pressure in the core. By di erentiating Equation (10) with respect to z and using the conservation of mass, it is a simple matter to show that axial momentum is also conserved for smooth ows if H is constant.
Thus, for steady, isentropic ows, solutions may be determined solely using these algebraic expressions.
The ux-averaged stagnation pressure may also be written using the core edge pressure, p ,
Equation (11) is reminiscent of one-dimensional ow in which the stagnation pressure is the sum of the static pressure and the dynamic head. Another form for the stagnation pressure useful for steady ows is
where u = ? 2 1 8 m : For a given steady ow, u is a constant. Thus, this equation relates the stagnation and far eld pressure di erence for any R. This relationship is illustrated graphically in Figure 1 . For an isentropic ow, as p 1 varies smoothly, the value of R also varies smoothly according to this relationship. However, from the plot or Equation (12), we see that the di erence between the ux-averaged stagnation pressure and the far eld pressure reaches a minimum when R = 
IV. Shock jump relations
Next, we consider the shock jump relations. First, we will derive the steady shock jump conditions, and then, we will generalize these to moving (or unsteady) shocks. These relations are identical to those of Lundgren & Ashurst 2 and Marshall. 3, 4 A. Steady jump conditions 
The other quantities can then be found from
B. Entropy conditions
From the shock jump relations given by Equations (13) and (14), shocks are possible which raise the local R (i.e. R r =R l > 1 for w l > 0) as well as lower the local R (i.e. R r =R l < 1 for w l > 0). However, physically, only one of these jumps is allowed due to the entropy condition.
As discussed in Section III, smoothly varying ows conserve the ux-averaged stagnation pressure, H.
However, for ows with discontinuities, the stagnation pressure ux could decrease. This entropy condition can be stated as Using Equations (12) An interesting feature of the shock jump data is that the core edge pressure rise has a maximum at about R l = 1:3 (see Figure 4 ). We o er one possible interpretation of this maximum. Recall from Equation (11) that the stagnation pressure, H, is the sum of the core edge pressure, p , and the core dynamic 
Since the stagnation pressure loss increases with R l , the recovery of the dynamic head loss in the edge static pressure continually decreases. Therefore, the maximum core pressure rise marks a switch between nearly isentropic breakdowns and highly nonisentropic breakdowns. Figure 6 is a plot of the weak and strong breakdown approximations for the edge pressure rise including the exact pressure rise from Figure 4 . Finally, categorizing a weak breakdown as one where R l < 1:3, note that the loss of stagnation pressure is under 10% of the core dynamic head. The shock jump conditions may also be superimposed on Figure 1 as connections between supercritical and subcritical states. This is done in Figure 7 which shows the admissable jump states as the end points of a dashed line. This diagram is the key to construction of steady vortex ow solutions with vortex breakdown. While the ow behaves isentropically, R varies along the solid line in accordance with changes in the far eld pressure. However, at breakdown, the vortex jumps from a supercritical state to a subcritical state; these states are the end points of the dashed lines in Figure 7 . Note, the stagnation pressure loss resulting from the breakdown is the difference in y location between the two states. If the ow remains isentropic, after the shock, then R again varies along the solid line.
D. Unsteady shock jumps
Unsteady shock jump relations can be found from
where s is the shock propagation speed. These equations can be recast into the steady shock jump equations by considering a coordinate system travelling with the shock. Using this transformation, it is straightforward to show that s = w l c l 
V. A family of steady vortex ow solutions
In this section, we apply the simple model to calculate a family of steady vortex ow solutions. In particular, we consider a vortex which is initially supercritical far upstream and is subjected to a favorable pressure gradient. At the downstream location, we set the edge pressure. This ow is analogous to a supersonic ow through an expanding pipe with the exit pressure or back pressure set. We assume that the vortex is supercritical because experimental data has shown that vortices upstream of breakdown are supercritical. 8, 9 The assumption of a favorable pressure gradient is necessary to have a stable steady shock position. In an adverse pressure gradient, although it may be possible to construct a discontinuous solution which satis es the steady equations, the shock will strengthen and propagate upstream with any little perturbation. The relevance of the favorable pressure gradient assumption to delta wing ows is unclear. As will be shown, breakdown in the following examples is caused by a di erence in the downstream edge pressure and the`ideal' isentropic downstream edge pressure. As a vortex develops on the delta wing, one might reasonably expect a favorable far eld pressure gradient. Towards the trailing edge, an adverse pressure gradient generally occurs. This trailing edge pressure gradient may be stronger in the core than in the far eld which could result in a di erence between the actual downstream edge pressure and the isentropic downstream edge pressure. Thus, it is conceivable that this ow might resemble a delta wing ow. However, the delta wing ow is much more complicated. For instance, the far eld circulation, which we have assumed to be constant, continuously increases with downstream distance as more vorticity feeds into the vortex core from the leading-edge separation. Also, the vortex is truly in a semi-in nite domain since the solid wing surface and the vortex core are typically quite close. Thus, the wing presence could have a choking in uence on a forward propagating vortex breakdown similar to a pipe wall in a con ned vortex ow. Finally, this model has assumed that the far eld pressure gradient can be set independent of the vortex ow. In reality, the far eld pressure gradient and the vortex develop together and this arti cial separation may be incorrect in practice.
With these comments in mind, we now proceed in constructing steady solutions with vortex breakdown from our model. The freestream circulation, ? 1 , and the density, are assumed to be given. Since the upstream condition is supercritical, we may set any In particular, the non-dimensional forms of Equations (4) and (12) Since the far eld pressure gradient is favorable and the vortex is initially supercritical, this implies the isentropic core is always accelerating and that the edge pressure coe cient is dropping. After some manipulations, the isentropic downstream edge pressure, In the compressible ow case, oblique shocks would occur.
As an example, we have assumed the far eld pressure to be given by C p 1 = C p 1d 1 + tanh z 2 ;
where the upstream location is at z ! ?1 and the downstream location is at z ! +1. Speci cally, we chose C p 1d = ?1. The di erence between the upstream and downstream values of the stagnation pressure coe cient, C H = C Hd ? C Hu ; then determines the left (and right) state of the shock using the steady shock jump relations from Section IV. The value of R l can be used to determine the far eld pressure coe cient (and therefore the axial location) at breakdown using the upstream value of the stagnation pressure coe cient, C Hu , in Equation (21). Downstream of breakdown the isentropic relations are again valid but the stagnation pressure is now the downstream value, C Hd . In Figure 8 
VI. Comparisons with
Navier-Stokes
In this section, comparisons of the simple model with axisymmetric Navier-Stokes calculations are made. Using a previously developed incompressible, axisymmetric Navier-Stokes code, 10 the ow of a vortex subjected to a far eld pressure gradient is simulated. The solver is based on a time-accurate streamfunction-vorticity approach; full details of the implementation and validation of the solver are provided in the previous reference.
Several di erent far eld pressure distributions were used during this comparison study; regardless, all of the distributions contained local pressure maxima. For example, a Gaussian pressure distribution was often used of the form:
where C p 1max , z max , and z are input parameters representing the maximum pressure coe cient, the location of maximum pressure, and the spatial extent of the pressure rise, respectively. Sinusoidal pressure variations were also used in the results of this study, as were a variety of z max and z values. The far eld pressure boundary conditions were set by assuming the ow at the far eld boundary to be steady and isentropic allowing application of Bernoulli's equation.
In addition to the Rankine vortex, a q-vortex model was also used during this study for the inlet vortex where w measures the freestream to core axial velocity di erence and is the swirl ratio. The q-vortex has been shown to provide a good model for a variety of vortex ows. 12 All of the results were run at Reynolds number of 1000 based on upstream core size, Re W 1 u = = 1000; where u is the upstream core radius at z = 0. As in Section V, the upstream value of R is denoted, R u , and is set by the upstream velocity pro les. Since experimental data indicates that vortices are generally supercritical upstream of vortex breakdown, all upstream conditions satisfy R u > 1.
With these upstream and far eld conditions, the control volume model predicts the maximum far eld pressure rise, C p 1 , which a vortex can sustain and still remain isentropic. Speci cally, C p 1 = R 2 u (R 2 u ? 2) + 1 = C Hu + 1 (22) Thus, for a given R u (or, equivalently, a given C Hu ), when C p 1max < C p 1 , the vortex should remain isentropic (i.e. breakdown does not occur). Figures 9-11 compare the model and Navier-Stokes results for isentropic vortex ows with increasing maximum pressure coe cient for a q-vortex inlet condition. Note, the inlet value of R u slightly changes with C p 1max because the inlet boundary condition is imposed upon the azimuthal vorticity and not on the axial velocity directly. The core radius (and area) at a given axial location for the Navier-Stokes results is calculated by tracing the streamline emanating from the maximum swirl at z = 0 to the desired axial location.
The core axial velocity is the ux-averaged velocity. Good agreement is observed between the model and the Navier-Stokes simulations. The agreement for the lower pressure rise is the best and the error increases with the maximum pressure. Regardless, the qualitative trends are correctly captured by the model. These observations are typical of all cases which have been tested to date using both the Rankine and qvortex inlet conditions.
The prediction of breakdown onset can also be compared. To do this, the inlet conditions are xed while the pressure maximum, C p 1max , is varied. Figure 12 is a compilation of several runs of the Navier-Stokes solver comparing breakdown onset with the model predictions for the Rankine vortex inlet condition. The agreement between the model and Navier-Stokes results for breakdown onset is very good. Figure 13 shows a similar compilation for the q-vortex inlet condition. For the q-vortex, while the qualitative trends are correct, the quantitative predictions are not accurate. However, this data can be collapsed by correlating the C p 1 versus the inlet uxaveraged stagnation pressure coe cient, C Hu . These results for all of the Rankine and q-vortex trials are compiled in Figure 14 . As evidenced from this gure, the ux averaged stagnation pressure is apparently a good measure of the susceptibility to vortex breakdown.
VII. Conclusions
A simple hyperbolic conservation law has been analyzed for vortex cores in pressure gradients. In particular, an analogy with quasi one-dimensional compressible ow has been explored; in this analogy, shock jumps in the vortex core model equations are assumed to represent axisymmetric vortex breakdown. Across weak breakdowns, the loss of stagnation pressure is shown to be a third order quantity. Smoothly varying vortex cores are shown to conserve the ux-averaged stagnation pressure.
Using these simple model equations, a family of steady vortex core solutions are constructed; these ows are assumed to be supercritical at the upstream location and their behavior is determined by the downstream core pressure (i.e. the back pressure). One back pressure exists for which the ow remains isentropic. Other back pressures can result in the formation of steady breakdowns within the domain.
The model equations are also compared with axisymmetric Navier-Stokes simulations. These results are still preliminary and additional testing will be conducted for the nal paper. For isentropic ows, the model and Navier-Stokes results are in good agreement. The model also shows excellent predictive capabilities for the onset of vortex breakdown in the Navier-Stokes simulations.
